Abstract. The negative answer to the following problem of V. I. Arnold is given: Is the number of topologically different k-manifolds of bounded total curvature finite? §1. Introduction
We note that Arnold's total curvature α(g) differs from the classic Chern-Lashof total curvature τ (g) [N-K] 
is the unit sphere bundle of the normal bundle of an immersion g :
is the Gauss map and dσ is the volume element on S m−1 . Arnold's total curvature is always greater than Chern-Lashof's and the last can be estimated from below by the Morse number m(M k )= the minimal number of critical points of Morse functions.
It is easy to show that the answer to Arnold's question is affirmative for 2-manifolds. The purpose of this paper is to show that for 3-manifolds the answer is negative.
Theorem 1.
There exist a number C > 0 and an infinite family {M i } of pairwise nonhomeomorphic 3-dimensional compact submanifolds of R 4 such that the total curvature α(M i ) < C for all i.
Proof. An S 1 -action on S 3 = S 1 * S 1 defined by the formula
has two exceptional orbits with the orbit space homeomorphic to S 2 . We may assume that N (2, p i ) is a preimage of a 2-disk under the projection to the orbit space. Then it easy to see that each M i is a Seifert manifold [Or] with the orbit space S 2 with 4 exceptional orbits of types (2, 1), (2, 1), (p i , 2), (p i , 2). Since these orbit invariants are different for i = j, Seifert bundles on M i and M j are different. Note that M i are large Seifert manifolds for all i. Hence M i and M j are not homeomorphic for i = j [Or, Theorem 6] . 
Lemma 2. Suppose that
is an isometrical embedding and the disk
1 -manifold has locally a normal regular neighborhood for some r [H] , and hence, every closed manifold with trivial normal bundle has a normal regular neighborhood. Therefore every smooth enough immersion of the circle in R 3 has a normal regular neighborhood. Here is a parameterized version of that statement.
Lemma 3. Suppose that {f
Then there exist r > 0 and normal regular neighborhoods
Let C k ( , ) be a space of mappings in C k -topology. Denote by S 1 the boundary of the unit disk D 2 and denote by w r : S 1 → ∂D r the natural projection. In this notation the center of D 2 is ∂D 0 . Suppose that f : S 1 → R 3 is a C 2 -immersion with a normal regular neighborhood F of radius r. We define a map
Lemma 4. Suppose that a sequence {f i : S 1 → R 3 } is converging to f ∞ in C 2 -metric and assume that r is given by Lemma 3. Then R fi uniformly converges to R f∞ .
We omit the proof since it is straightforward. We define the 'Gauss map' G f : [0, r] → C 1 (S 1 ×S 1 , G 3,2 ) for R f in the following way. For x > 0 the value G f (x) is the tangent bundle map ν :
is the span of the derivative f (t) and the vector orthogonal to F (t, (r, θ))− F (t, 0) = b(t, θ). Here (r, θ) ∈ D r means a point written in polar coordinates. Note that for all x ∈ [0, r] the Gauss map is defined as G f (x)(t, θ) = span{
Lemma 5. Suppose that a sequence {f i : S 1 → R 3 } is converging to f ∞ in C 2 -metric and assume that the number r is provided by Lemma 3. Then G fi converges uniformly to G f∞ .
Proof. According to Lemma 3 a sequence F i converges uniformly to F ∞ in C 2 -metric. It implies a uniform convergence of
⊥ does not depend on x, and therefore by virtue of Lemma 3 the sequence b i (t, θ) ⊥ converges to b ∞ (t, θ) ⊥ in C 1 -metric as a sequence of functions in t and θ. This implies the lemma.
The proof of Theorem 1. We construct manifolds M i in R 4 symmetrically with respect to the hyperplane {0} × R 3 . Let us consider two symmetric 3-dimensional spheres
+ be a smoothly embedded circle and let f :
+ be a double winding around that circle (f ∈ C 2 ). For every i we consider the boundary of the normal regular neighborhood of S 1 of radius i and realize a torus knot K(2, p i ) on it. For small enough i it is possible to realize the knot K(2, p i ) by a map f : S 1 → R 3 which is 1/i-close to f in C 2 -metric. By virtue of Lemma 3 there exist a number r and the normal regular neighborhoods F i of radius r. For every i there exists r i < r such that the restriction of
We will write α(M ) if the immersion of M is fixed. Since
, it suffices to find a common estimate for α (∂N (2, p i ) × [−1, 1]) . By an obvious version of the Kuiper theorem [N-K] for the Arnold total curvature it follows that α(∂N (2, p i ) × [−1, 1]) = 2α (∂N (2, p i ) ).
Lemmas 4, 5 imply that lim i→∞ R fi (r i ) = R f∞ (0) and lim i→∞ G fi (r i ) = G f∞ (0). Denote by A i the diagonal product of R i and G i , i = 1, 2, . . . , ∞. By Lemma 2 it follows that lim i→∞ vol (A i 
, it follows that the sequence α(∂N (2, p i )) Figure 1 has an upper bound. So, it remains to note that by Lemma 1 the family {M i } is pairwise nonhomeomorphic.
Remark. Manifolds M i are not smoothly embedded in R 4 because at the points where spheres S By the definition a normal regular neighborhood induces a framing of the normal vector bundle. Let ξ : S 1 → R 3 be an immersion of the circle in R 3 and let
be a normal regular neighborhood of ξ of radius r such that the induced framing has Hopf invariant equal to k. We consider the embedding of R 3 in R 7 as a factor R 3 × 0 × ... × 0 ⊂ R 7 . A map φ : (M, N ) → (R 7 , R 3 ) is said to be a relative embedding if the restriction of φ on N is an immersion into R 3 and the restriction of φ on M − N is an embedding in R 7 − R 3 , transversal to R 3 . 
Lemma 7.

